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as those of the (100) valleys in Si and the (111) valleys
in Ge. For Si, 5,=9.2 eV and E4=—1.4 eV, and, for
Ge, 5,=19.2 eV and Eg=—10.5 eV.7.11-15

These deformation potentials for the (100) valleys
in GaAs (,=16.8 eV and E;=—5.1 eV) have been
inserted into Conwell’s* Egs. (4.2) and (4.4) to calculate
the electron mobility due to acoustic phonon scattering
for electrons in the (100) valleys. The calculated lattice
mobility is ur=600 cm?/V sec. This mobility was
combined with the mobility limited by other scattering
mechanisms to obtain a total mobility for electrons in
the (100) valleys of u2=120 cm?/V sec. This value is in
agreement with the measured (100) electron mobility,
110 cm?/V sec.2

V. CONCLUSIONS

The electrical-resistivity measurements in GaAs as a
function of temperature and uniaxial stress reveal two
distinct types of behavior depending upon the source of
the GaAs crystals. The two types of behavior are the
limiting cases for GaAs in which the electrical properties
are dominated by (1) a high concentration of deep-level
impurities and traps, and (2) a moderate concentration
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of shallow-level impurities which remained completely
ionized in these experiments.

The resistivity and Gunn-effect threshold measure-
ments as a function of uniaxial stress provide experi-
mental evidence that the (100) or X; valleys are the
secondary conduction-band valleys in GaAs. Utilizing
the recently measured value for A§=0.33 eV,?*?¢ the
ratio of the densities of states is Ny/N;=40 and the
deformation potential for the (100) valleys are =,'=16.8
eV/(unit strain), Es'=—35.1 eV/(unit strain) and, for
the (000) valley, Es’=7.8 eV/(unit strain). The value
of E is in agreement with the value obtained by
hydrostatic pressure measurements.?! The calculated
mobility of electrons in the (100) valleys is us=120 cm?/
V sec which is also in agreement with the measured
value of electron mobility? in the (100) valleys.
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Nonlinear interaction of two electromagnetic’beams with a“semiconducting or insulating crystal is con-
sidered under the following conditions: The photon’energy #Q of an"intense laser beam is equal to the gap
between two conduction bands Qs at certain”points in the crystal.momentum space."The photon energy
fuws of a relatively weak beam is approximately equal to the gap between the valence band and one of the
conduction bands #Q; at the same points in crystal momentum space. These conditions are referred to as
double resonance. A theory is developed for two nonlinear effects: (1) the change of the dielectric coefficient
of the crystal at frequency « caused by the @'perturbation; and (2) the generation of a parametric beam at
frequency w+Q. An interesting result of the theory is that both effects are very sensitive to the conditions
at the point of contact of the surfaces of constant 23; and @sy'in K space. The effects obtained when 8Qs; /0K |
and 99.:/0K 1 have the same sign are much smaller than those obtained when they have opposite signs.
(K is the component of K perpendicular to the surfaces at the point of ‘contact.) This phenomenon is ex-
plained in terms of combined electronic and electromagnetic states. Possible applications of these effects
to the investigation of the band structure of solids are discussed. In particular, it is shown that measure-
ments of double-resonance effects will yield information about the band structure at noncritical points in
the Brillouin zone.

I. INTRODUCTION

N recent years, several new optical methods were
developed for the investigation of the band structure

of solids. Methods which were found very useful in this
respect are the electroabsorptance,® electroreflectance,?

L A. Frova, P. Handler, F. A. Germano, and D. E. Aspnes,
Phys. Rev. 145, 575 (1966); Y. Yacoby, ibid. 142, 445
(1966).

piezoreflectance,® and others known, in general, as the
differential optical methods. These methods consist of
measuring the variation in an optical property of the
crystal, such as absorption or reflection coefficients,
caused by the variation of a parameter, such as an

2B. O. Seraphin, Phys. Rev. 140, A1716 (1965); M. Cardona,
K. L. Shaklee, and F. H. Pollak, ibid. 154, 696 (1967).

2 M. Garfinkel, J. J. Tiemann, and W. E. Engeler, Phys. Rev.
148, 695 (1966).
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applied electric field or stress. The spectrum of the
change in the optical property exhibits in most cases
well-defined structures which are associated with the
van Hove critical points in the Brillouin zone.

Two-photon absorption is developing into another
method for the investigation of band structure. It
essentially consists of applying a laser and a mono-
chromatic beam to a crystal, so that the sum of their
photon energies is approximately equal to the minimum
energy gap in the material. Then, the absorption of the
monochromatic beam, induced by the laser radiation,
is measured as a function of the photon energy of the
monochromatic beam. The theory for two-photon
absorption has been worked out in detail including the
case of excitons® at different levels of excitation.
Measurements of two-photon spectra have been carried
out in several materials,® and in many cases the results
agree with the theory. The information provided by
two-photon absorption spectra is complementary to
the information obtained from the measurement of
one-photon processes. The reason is that the selection
rules for one-photon transitions are different from
those of two-photon transitions. However, both
methods suffer from the same difficulty, namely, the
inability to resolve with ease different absorption
processes.

A feature common to the one- and two-photon absorp-
tion and reflection methods, and to the differential
optical methods, is that they only give useful informa-
tion about the van Hove critical points in the Brillouin
zone. The value of the absorption or reflection coef-
ficients, at photon energies other than those correspond-
ing to gaps at the critical points, depend on the prop-
erties of the material over a complete surface in K space.
Consequently, band-structure calculations cannot be
experimentally checked at noncritical points.

In this work, we shall show that measurements of
nonlinear optical effects, under conditions of double
resonance, may provide information that can be directly
compared with theoretical band-structure models of
solids, at points in the Brillouin zone which are not
critical, but located along lines of high symmetry. By
double resonance we mean that two electromagnetic
perturbations are simultaneously applied to a material
system, and the photon energy of one is equal to the
energy difference between a pair of states, while the
photon energy of the other is equal to the energy
difference between one of these levels and a third one.
The theoretical treatment of double-resonance effects
is slightly different from the treatment of other non-
linear optical effects, mainly because the displacement
currents in the first case cannot be expressed in power

4 R. Braunstein, Phys. Rev. 125, 475 (1962); R. Loudon, Proc.
Phys. Soc. (London) 80, 952 (1962); G. D. Mahan, Phys. Rev.
170, 825 (1968).

5]. J. Hopfield and J. M. Worlock, Phys. Rev. 137, A1455
(1965); D. Frohlich and H. Mahr, Phys. Rev. Letters 16, 895
(1966) ; D. Frohlich and E. Schonherr, ¢bid. 19, 1032 (1967);
J. P. Hernandez and A. Gold, Phys. Rev. 156, 26 (1967).
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series of the electric fields. One must, therefore, treat
this problem to all powers of the electric fields of strong
laser beams. Fortunately, however, the treatment is
considerably simplified because very few matrix ele-
ments are accompanied with resonant denominators
and in most cases, the rest may be neglected. Such a
treatment of nonlinear interaction of radiation with
matter under double-resonance conditions has been
carried out by several authors® for systems with
discrete energy levels. These effects have been observed
in the microwave domain, but to our knowledge have
not yet been observed when both electromagnetic
radiations are in the optical-frequency domain.

In this work, we consider nonlinear optical effects
under conditions of double resonance in solids, where the
energy levels are not discrete. Specifically, we consider
the following case: Two electromagnetic radiations are
applied to a semiconducting or insulating crystal at
frequencies w and Q. The radiation with frequency Q is
taken to be an intense laser radiation, whereas the
radiation with frequency w is a weak radiation. We
consider the existence of three bands—a full valence
band and two empty conduction bands. The photon
energies are assumed to be close to double resonance in
a certain region in K space. To avoid absorption of the
laser radiation by electronic transitions from valence
to conduction band, we assume that #Q is smaller than
the minimum energy gap between the valence band
and the lower conduction band.

In Sec. 11, we adopt the method of Javan and Szoke®
for treating double-resonance effects to our particular
conditions. We first obtain expressions for the density-
matrix elements describing an electron with a given
crystal momentum K. Then, we express the contribu-
tion to the polarization current by an electron with
crystal momentum K in terms of the density matrix.
In Sec. ITI, we discuss the change of the polarization
current with frequency equal to w, caused by the Q
perturbation. Numerical computations are given,
illustrating the different aspects of the results. The
polarization current with frequency equal to w+Q is
treated in Sec. IV. This current produces a parametric
electromagnetic beam. The different properties of this
beam are illustrated numerically. In Sec. V, we discuss
several experimental applications of double-resonance
effects which are useful in the investigation of band
structure of solids.

II. POLARIZATION CURRENT

The one-electron Hamiltonian for an electron in a
solid in the presence of the perturbing radiations
described in the Introduction is given by

H=P—eA—eB)2/2m+ V. (1)

6 S. Yatsiv, Phys. Rev. 113, 1538 (1959) ; A. Javan and A. Szoke,
ibid. 137, AS536 (1965).
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Here P is the momentum operator, A and B are the
vector potentials of the w and @ perturbations, respec-
tively, and V is the periodic potential. Since we are
interested in conditions which are close to double
resonance, we shall neglect all terms in the density
matrix which do not have resonant denominators.
Thus, the only matrix elements of the Hamiltonian
which contribute to the dominating terms in the
density matrix are

1112: (—'GA 0/21%)(@1 I P' U] ‘I’2>6i‘”: dlgei“", (2)
Has=(—eBo/2m)(®,| P- V| ®5)ett=dose®.  (3)

Here ®;, ®,, and ®; are the Bloch wave functions cor-
responding to the valence and to the lower and upper
conduction bands, respectively, and U and V are unit
vectors in the directions of the vectors A and B, respec-
tively. Neglecting the momentum of the photons, the
perturbing electromagnetic radiations couple states of
the same K values. As a result of this perturbation,
electron-hole pairs are produced which interact with
phonons and make intraband transitions. Through
these transitions, the electrons and holes reach the
extrema of the bands, where they recombine. Let us
now consider a given point in K space. We denote the
matrix elements of the density operator, with respect
to the Bloch states and with crystal momentum K, by
p:;- The equation which the matrix p satisfies is given by

in(dp/dt)=[H,p]+1i%I 4)
where
(1—pw)/7=I: —p1e/T —p13/T
I=\|—psu/T —paa/T+12  —paes/T )
—p31/T —'932/T —Psz/’r‘f‘ I

Here r is the diagonal relaxation time, which for sim-
plicity is taken to be the same for all bands; similarly,
T is the off-diagonal relaxation time. 7; is equal to the
number of holes which flow to the point K per unit time
through intraband transitions. Similarly, 7, and I3
are the electronic flows to the points K within the two
conduction bands.

We assume that the solutions to these equations have
the following time dependences:

p1a= N1geiet , p13= }\wei(wﬂl)t s

023=N23¢"* | p11=M\11, 6)

P22= Aa2 y P33= As3 N

where \;; is time-independent. Substituting these ex-
pressions for the matrix elements in Eq. (4), we obtain

YACOBY 1

a set of nine linear algebraic equations for A,

Li(w =)+ T PN rg =it dog™ N 15417 d 12has

Fit =1t "dre , (7a)
Li(w+Q—Qs)+ T izt i d1ohss
—il desh12=0, (7h)
Li(Q—Qso)+ T ast-i771d1o™ N3
F 7 das(Nss—Na2) = 0, (7¢)
Ar V=il o i Nad =1, , (7d)
NooT 14047 d 10 N 1o — i d o N 12 1 g gN o5
— il des™ Nes= 15, (Te)
Nag 1+l d a5 Nz — iidashes™ =I5, (76)

where Aiy=1—\y; and 7%Qy, #Qs, and %#Qs, are the
energy differences between the valence and lower con-
duction band, the valence and upper conduction band
and between the lower and upper conduction bands,
respectively. The other three equations are the complex
conjugates of Egs. (7a)—(7c). One can express \;; as a
sum of four components,

P WIORED W EB WONHWON (8)

where \; is the solution of Egs. (7a)—(7f) with the
right-hand side of these equations except Eq. (7a)
taken equal to zero; similarly \;® is the solution with
the right-hand side of the above equations except
Eq. (7d) taken equal to zero, etc.

Let us first solve the equation for A;®. From Eq.
(7f) one obtains

Nz D77 =377 (daghas (VF — dgg*Nes V). 9
Adding Eqgs. (7e) and (7f), the following equation results:
Naa W71 Ngs W7 l= 77 (d 1ok W* —d1s*N 2 V) . (10)
Since 2™ and \33V are positive, it is clear that
Aoz D Nza D> Ng5 D),

Thus, |dAi2®*| is of the same order of magnitude as
| dashes | . However, since |ds3]|>>|di2|, one finds that

ld12)\23<1)[<<(d237\12(1)l . (11)

Using this inequality in Eq. (7b), one obtains an
expression for A3V in terms of A1, @,

3@ =il dgshy V(w0 +Q—Qa)+T71]1. (12)

Substituting this expression in Eq. (7a) and neglecting
AP and A2D with respect to unity, one obtains an
explicit expression for Ay @,

idmh_l

A =

One can now, by proper manipulation of the equa-
tions, obtain expressions for Ae3™® and Ags®. These

[i(w—Qex)+ T2 ]+ | daa| 2/ #2[i (0 Q— Q1) +T-1]

(13)

expressions are not presented because these density-
matrix elements will not be used later.
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As previously explained the current 7; is a current
of holes, which flows to the point K under consideration
through interactions with lattice vibrations. The evalua-
tion of 7, Iz, and I; is beyond the scope of this work.
Here, we shall only discuss which of the elements A;
is influenced by these currents.

The production of a hole or an electron must be
associated with a transition from the valence band.
Thus, it must be accompanied by the absorption of a
photon 7w of the weak beam. As a result, all three
currents will be very small compared to 7. Taking
into account that the coupling between the valence and
conduction bands is weak, whereas the coupling be-
tween the two conduction bands is strong, one can
easily arrive at the following results:

(a) Ai; <KD, for 4 or  different from 1. A;;® may
be comparable to or even larger than A;;(;

(b) @<y D, for all pairs of 4, 7 except for the
pairs (2,2); (2,3); (3,2); and (3,3); and

(0) Aj®<A; D, for all pairs of 4, 7 except for the
pairs (2,2); (2,3); (3,2); and (3,3).

The only matrix elements which will be used later
are p12 and py3. These matrix elements as shown here are
approximately independent of 7y, 75, and /5. All the
other matrix elements can be easily obtained. However,

d eh
ek

The first term in this expression is the polarization
current with frequency equal to w. Since this current
is proportional to the electric field at this frequency,
one may define a conductivity o which is the ratio be-
tween the polarization current and the electric field with
frequency w. This conductivity is related to the com-
plex expansion coefficient y of the w beam in the crystal
through the equation y= (cjwn)'/?, where 7 is the
permeability constant. For reasons of convenience, we
shall discuss only the polarization current rather than
the expansion coefficient. The second term is a polariza-
tion current with a frequency equal to w+. This
current produces a parametric electromagnetic radia-
tion. The third term is the polarization current with
frequency equal to Q. This current causes the absorp-
tion and reflection of the beam with frequency Q. We
shall not evaluate the third term because the relative
change in this polarization current, caused by the w
perturbation, is extremely small and very difficult to
measure.

The total polarization current is obtained by in-
tegrating Jo over K space. As previously mentioned,
the major contribution to the integral will come from
regions in K space in which almost double-resonance
conditions exist. Unlike gases, where double-resonance
conditions take place for all atoms at practically the

eh w+Q
(p12P21+p21P12) —
dt m E2 —El m E3 —E
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since they are not used later, they are not presented
explicitly.

We can now set forth to obtain expressions for the
nonlinear polarization current. We denote the polariza-
tion vector of a single electron with a wave number K
by uo. The expectation value of g, is given by

(wo)="Tr(puo). (14)
A more explicit form of this expression is
<vo> = (Pnyu‘f“ ,0221122"‘})33&133)‘{‘ (P12921+p21912)
+ (913931+P31913)+ (P23L132+9321}23) , (15)

where u;; are the matrix elements of w,, with respect to
the Bloch functions at the particular K value which is
being considered. The first term in the brackets is
time-independent, whereas the other three terms are
time-dependent with frequencies w, v+, and Q, re-
spectively. Thus, d{ue)/d¢ is given by

d{uo)/dt=1w(p12u21 — p21t12) + i (w+Q)

X (p1sus1—psiutis) + 12232 — psaues);  (16)
u;; can also be expressed in the form
wij= —[eh/im(E;—E;) ]Py;. 17

Substituting this expression in Eq. (16), one obtains

eh Q
(p13P31+P31P13) B —‘A(P23P32+932P23) .

1 m FEg— I,

(18)

same exciting energy, double-resonance conditions in
solids do not exist at all points in K space for the same
exciting energies. The points at which double-resonance
conditions are satisfied are the points common to the
two surfaces Q21 (K) —w=0 and 23:(K) — (w+Q)=0.

In the general case, at the most the two surfaces cut
each other along lines. For particular values of w and Q,
the two surfaces just touch, and for other values, they
have no points in common. There is one case in which
the two surfaces may coincide. This is the case of sur-
faces around K=0 in a crystal with full cubic sym-
metry. In this case, the surfaces are spheres which
coincide when Q3 —w=0 and Q31— (w+Q)=0. Both the
general case and the case of two spherical surfaces will
be discussed in detail in Sec. III.

III. POLARIZATION CURRENT WITH
FREQUENCY EQUAL TO o

An explicit expression for the polarization with fre-
quency equal to w can be obtained by substituting ex-
pressions (6) and (13) for pis and py; in Eq. (18) and
integrating in K space. As pointed out previously,
A2 @, N2 @) and N2 @ are negligible compared to \j, @,
and similarly, the changes caused by the Q perturbation
in M@, A2®, and Ax® are negligible compared to
the change in A2V, Therefore, the dielectric current:
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J, is given by
e2hw /

YIZHAK YACOBY 1

2T[S12— 223513/(5132‘*" 1)]

Re[(A P12)P21:|

1
- [k
43 2m*h(Es —E1)\|:Sm — £23515/ (S152+ 1) 12+ [ 1+ £2a/ (S15*+1) ]?
2T 1+ £20/ (S1s*+1) ]

" [Sia—EaaSus/ (St 1) AL 1+ £/ (S1s+1) 2

where
523= [d23|2T2/h2, 312= (w—Qzl)T,

S13= (w—I—-Q—le)T. (20)

The integrand in Eq. (19) is too complicated for the
integral over K space to be carried out in the general
form. We shall, therefore, present at first a qualitative
discussion which will give some insight into the kind of
results that one may expect, and then present several
numerical examples. According to our assumptions, the
w perturbation is weak. Thus, J, is linear in the w
perturbation. As a result of this, the two components of
Juy Jue, and J,,; are related to each other through the
Kramers-Kronig relation. We shall, therefore, confine
our qualitative discussion to the second term J,, in
Eq. (19).

We notice that in the absence of the @ perturbation,
the expression under consideration has a resonant
denominator with its peak at S;2=0, i.e., at w=Qs.
The effect of the Q perturbation for a given value of Sy;

Jws (arbit. units)

| I O Y I |
% 12 8 4 0 4 8 12 16

(he =hRo10) (16007 V)

Fi1G. 1. J s as a function of (7w —7#Qs10), computed with 7'=10"12
sec. Horizontal coordinate: 1 unit=1600"1 eV. Vertical coordi-
nate: arbitrary.

Im[(A-Py)- P21:|> , (19)

is to shift and broaden this resonance. The sign of the
shift is positive or negative, depending on the sign of
S13. The effect of such a shift will be most pronounced
in the vicinity of the band extrema because there the
change in the density of states is strongest. Several
numerical calculations of the change in the polariza-
tion current caused by the @ perturbation in the
vicinity of the band extrema have been carried out.

For simplicity we confine ourselves to the following
case: (a) The bands are not degenerate; (b) U and V are
both in a direction along which the crystal has twofold
reflection symmetry; and (c) the effective masses are
taken to be scalar quantities. In this simplified case,
[(A-Py)Pyi]= Agei“t| P13]% One can express Siz and
S1s in the following way:

512= (w —9210) T—’)/le2 y

S13: (w+Q—9310)T—713K2, (21)

AJos f (arbit. units)

-

Curve| (hQ-hQ50)
1 0.06 eV|50

2 C.03 eV|50

3 0.0006 eV| 50

4

5

-10- 003 eV|s0 .

-0.06 eV|50

| N N S | | IS T I N T I |
12 -8 -4 0 4 8 12 16
(hew —hQy10) ( 1600%eV)

L
-16

Fic. 2. AJ,s as a function of (fiw—7%8s10) for different values
of (#Q—#8320) computed under the following conditions: 7= 10712
sec; vis/v12=0.3; £23=2 (the corresponding intensity of the Q
perturbation is approximately equal to 2108 W/cm?). Horizontal
coordinate: 1 unit=1600"1 eV. Vertical coordinate: The units of
AJ 45X f are equal to the vertical units in Fig. 1.
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10 -
2 5k -
=
=
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- 1

0
e 5074
‘3’ 4
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<

3
-5 -
Curvel (hw-'f\QazQ f
1 | 006 ev|s0
2 | 003 ev|50
3 | 0.0006 eV|50
=101 4 |-0.03 ev|s0 N
5 |-0.06 ev|so
T T N T OO T N T O T O I |
-6 -12 -8 -4 0 4 8 12 16

(hew-hRy0) (16007 V)

Fi1G. 3. AJ . as a function of (7w —7%Qa) for different values of
(72— #S2320), computed under the following conditions: T'= 1072
sec; vi3/v12=0.3; £23=2 (the corresponding intensity of the @
beam is approximately equal to 2.108 W/cm?). Horizontal co-
ordinate: 1 unit=1600" eV. Vertical coordinate: The units of
AJ ue X f are equal to the vertical units in Fig. 1.

where
Yi2= %(Wh*_l‘l“ m2*_1) wT
and (22)

Y13= 5 (m* - m* AT,

and m,*, m,*, and ms* are the effective masses of the
holes in the valence band and the electrons in the con-
duction bands, respectively. Notice that ms* may also
be negative. Substituting these expressions for Si» and
Sy3in Eq. (19), we find that the integrand is a function
of | K| alone. One can then integrate first over a surface
of constant K and then with respect to |K|. The
integrand in the integral with respect to | K| is a ratio
between two polynomials in | K| and can therefore be
integrated exactly. We chose to perform the integration
by evaluating the residues in the complex plane with the
aid of a computer. The change in the polarization cur-
rent caused by the Q perturbation has been evaluated as
a function of %w with %#Q as a parameter. We performed
this calculation for a positive and for a negative com-
bined effective mass of the valence and upper conduc-
tion bands.

The polarization current J,,; caused by the w perturba-
tion only is given in Fig. 1. The other component of the
polarization current depends on the whole band struc-
ture and cannot be evaluated in a general form. The
change in the polarization current AJ,, caused by the
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=10 2 | 003 ev|50 n
3 | 0.0006 eV|20
4 [-003 eV|50
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6 12 8 4 0 4 8 12 16
( hw-hQy0 ) (16007 V)

FiG. 4. AT, as a function of (fw—7#Qs10) for different values of
(#Q2—#%S320), computed under the following conditions: 7'=10712
sec; vis/viz=—0.3; £3=2 (the corresponding intensity of the
beam is approximately equal to 2.108 W/cm?). Horizontal co-
ordinate: 1 unit=1600"! eV. Vertical coordinate: The units of
AJ . X f are equal to the vertical units in Fig. 1.

perturbation for positive y1; is shown in Fig. 2. AJ,,
for negative i3 is shown in Fig. 4. The spectra of AJ,,
are shown in Figs. 3 and 5 for positive and negative i3,
respectively. The particular conditions under which
the calculations have been carried out are given in
tables which appear in the respective figures. As ex-
pected, AJ,, attains its largest value when 7w is very
close to the minimum energy gap #Qs10. When %Q is
not equal to %230, AJ,s and AJ,, have the form of
rather sharp peaks with a width of about 3 meV. When
Q> 7300, AJ,s 1S negative, corresponding to an
effective increase in the energy gap. The opposite
happens when %Q< 730 For values of #Q very close
or equal to #Qss0, AJ, is extremely large. Under the
conditions of the computation, AJ,; reaches values such
that |AJus|/|Jws|=20.3. In the case of negative com-
bined effective mass (Fig. 4) and #Q < #2300, the value of
AJ, starts increasing again for %w> #Qs10. This effect is
associated with a double resonance which takes place
for a value of %w larger than #%Qs. Notice that this
effect does not appear under similar conditions in the
case of positive combined effective mass, v13>0, shown
in Fig. 2. This behavior will be explained later in this
section.

The dependence of AJ, on the intensity of the Q beam
enters through £, defined in Eq. (20). For values of £
much smaller than unity, AJ, is found to be propor-
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tional to &3, which is proportional to the intensity of
the Q radiation. However, when & is larger than unity,
deviations from the linear dependence are expected. An
example of the dependence of AJ,, on £; is given in
Fig. 6. Here, AJ,, is given as a function of %w for
different values of &3.

Let us now consider the case in which double-
resonance conditions exist over a sphere in K space. As
pointed out, we would expect rather strong effects to
appear in this case. The component of the polarization
current with frequency w is given by

1 2w T )
=—/ d¢/ sinOdO/ Ko, dK. (23)
4rd 0 0 0

Jo, depends on w through Si2 and Si; only. S1; and Sy3
depend on | K|, but are approximately independent of
6 and ¢. On the other hand, £; and [(A-Py3)P2; ] do not

st=——~ d@/

eh
sinf d——
mzh(Ez - )

| dos] 2(w+Q—Qs1)

YACOBY 1

depend appreciably on | K|, but do depend on 8 and .
The result of the integration with respect to these two
variables is a function of the angle between U and V
and of the symmetry properties of the bands involved.
Joo is approximately proportional to &3 when £3<1.
Thus, in this case the dependence of J, on w will be
the same as that of

0

/ JoK?dK.
0

Thus, in order to obtain the dependence of J, on w, it is
sufficient to consider theintegral with respect to | K] only.

Before evaluating this integral numerically, let us
analyze it under the simplifying condition that 7" —.
We once again limit our discussion to J,,. A more
explicit expression for J,, is needed for the present
discussion:

dK[ (1

[dss]?
[ (02— 931)2+T—2]>/

|d2s]?

(2o

h2[(“’+9‘93*>2+7‘21>2+[%<1+h2[<w+9—931>2+r—2]>]2}] - @9

10

w

AlJuc f (arbit. units)

(hQ-hQyy)| f

1 0.06 eV|50
0.03 eV|S0
0.0006 eV| 20
F0.03 eV|50 -
-0.06 eV|50

I
-6 -12

L L1 1.1 1 11 l 11
-8 -4 0 4 8 16
( hw—h Qg0 (1600'eV)

F16. 5. AJ . as a function of (%w—7%10) for different values of
(72— #8320), computed under the following conditions: 7°'= 1012
sec; viz/vie=—0.3; £23=2 (the corresponding intensity of the
beam is approximately equal to 2.108 W/cm?). Horizontal coordi-
nate: 1 unit=1600"1eV. Vertical coordinate: The units of AJ . X f
are equal to the vertical units in Fig. 1.
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F16. 6. AJ s as a function of (%w—#Qs10) for different values of
£, computed under the following conditions: 7'=10"" sec;
v13/v12=0.3; (%Q2—7%320) =6 meV. Horizontal coordinate: 1 unit
=1600"1 eV, Vertical coordinate: The units of AJ,sX f are equal
to the vertical units in Fig. 1.
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Fic. 7. (a) Determination of the poles of Jous for viz/y12>0.
(b) Determination of the poles of Jows for v13/v12<0. (c) Com-
posite bands of an electron and the electromagnetic oscillator
with frequency equal to @ for vi3/v12>0. (d) Composite bands
of an electron and the electromagnetic oscillator with frequency
equal to € for yis/v12<0.

For the purpose of this discussion, we assume that the
dependence of w—Q; and w+Q—Q; on K is linear
in the vicinity of the double resonance. Notice now that
the second term in the denominator approaches zero
provided w+Q—Q30. Therefore, zeros of the first
term in the denominator determine the poles of the
integrand. The zeros may be found from the inter-
section of the curve

V1= |dss| (0t Q2—Qa)/ 7 (0t Q—Qa1)*+ T2

and the straight line V,=w—Qy;. These curves are
shown for positive combined effective mass of bands 1
and 3 in Fig. 7(a) and for negative combined effective
mass in Fig. 7(b). For simplicity, we assume that
w+Q is constant but consider different values of w. As
w varies, the curve ¥; remains unchanged, but the
straight line shifts. In the first case [Fig. 7(a)] ¥, and
Y, intersect at three points A, B, and C. A and C are
poles of the integrand, whereas at B, w+Q—Q3=0,
causing the integrand to vanish at this point. In the
second case, the behavior is completely different. There
is a certain range of values of w for which the integrand
does not have poles on the real K axis and because
T — the integral vanishes. The integral in the first
case can also be easily performed because the contribu-
tion comes only from values of K in the vicinity of the

1673

Curve )'13/3'12 f
1 [-10 10
2 -0 10
3 {-005 |10 _
0.50F | 4 |+o0s | 107

ké

(& st/ Jws)f

-0.25( 2 -1

-0.50 “1

i

-0.75 -

I I |1 ]
-6 -4 -2 .0 2 4 6

hw-huwpg) (16007 V)

F16. 8. AJys/Jws as a function of the deviation of 7w from its
double resonance value #iwpr computed under the following condi-
tions: T'=10"1 sec. fuwpr—7#s10=30 meV; £23=0.5. (The cor-
responding intensity of the  perturbation is approximately equal
to 5X107 W/cm?.) Horizontal coordinate; 1 unit=1600"1 eV,

poles. The interesting point is that the result is found
to be independent of w. The sharp decrease in the
polarization current in the second case means that the
transition from the valence band becomes impossible
for a certain range of values of w.

This behavior can be better understood in another
way, used by Barrat and Cohen-Tannoudji’ in dis-
cussing double resonance in systems with discrete energy
levels. Consider composite electron-phonon states
| (n,K),N), where # designates the number of the band,
K the wave number of the electron, and N the number
of the photons of the electromagnetic oscillator with
frequency Q. In a transition from the valence band
| (1,K),N), the electron may absorb a photon %w and
go to the state |(2,K),NV), or absorb two photons
#(w+Q), and thus be found in the compound state
| (3,K),N—1). A schematic plot of these energy levels
as a function of K for a positive combined effective
mass of bands 1 and 3 is shown in Fig. 7(c). The solid
lines describe the energy levels if one neglects
the interaction between the states |(2,K)V) and
[(3,K),N—1). However, these two states are not
eigenstates of the combined Hamiltonian, and there is a
term in the Hamiltonian which couples the two, i.e.,
the term —eP-B, where B is the vector potential
operator. As a result of this coupling, the degeneracy is

7J. P. Barrat and C. Cohen-Tannoudji, J. Phys. Radium 22,
329 (1961).
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lifted and the levels will have the form shown sche-
matically by the dashed lines 2’ and 3’. Now, transitions
from the valence band to the combined states with the
absorption of a photon 7%w is possible if there exists a K
value for which the difference between the valence-band
energy and one of the combined states 2’ or 3’ is equal to
#iw. Tt is easily seen that in the case of positive combined
masses [Fig. 7(c)] such a K value always exists,
whereas in the case of negative combined masses
[Fig. 7(d)] there is a range of values of w for which
the transitions are not allowed.

Numerical computations for the change in J,,; caused
by the @ perturbation were carried out for a finite value
of T and taking the curvature of the bands into account.
The results for AJ,; are shown in Fig. 8. Here, AJ,; is
given as a function of %, and v15 as a parameter. At the
origin the coordinate 7w has the value for which a true
double-resonance condition exists. For negative values
of v13 one indeed observes a very large decrease in J,,
although J,, does not go to zero because 7 is finite.
Comparison of AJ,, for positive and negative y3 shows
that AJ,, in the first case is much smaller (2 orders of
magnitude) than in the second. The increase in AJ,
which appears in Fig. 4 for #Q<7#Qs50 and 7iw> 7 is
therefore seen to be the tail of the double resonance. No
such behavior exists in the case of y;3>0, as seen in
Fig. 2. The results of AJ,, are given in Fig. 9. These
results are, of course, related to those of AJ,; by the
Kramers-Kronig relations.

The general case, where the two surfaces %Qy; —fiw=0
and 7%Q3;—#(w+Q)=0 are not spheres, can now be

YIZHAK YACOBY 1

considered. For a given value of #Q, the range of 7w for
which the two surfaces just about touch is of particular
importance, since one would expect that in this range
AJ, will strongly vary as a function of #%w. An approxi-
mate way of calculating AJ,, in this case is described in
the Appendix. It is found that the form of the spec-
trum in this case is, except for a factor, identical
(within the approximation) to the integral, with respect
to #w of AJ,, as computed for the case of the spherical
surfaces. One limit of the integration is infinity and the
other depends on the value of %w at which the value
of AJ, is being evaluated.

Computed results for AJ, in the general case are
shown in Figs. 10 and 11. Here, AJ, is given as a
function of 7w with &3 as a parameter. ;3 is again
negative. For positive 713, AJ, is extremely small. The
values of AJ,/J, in this case are four orders of magni-
tude smaller than in the case of the spherical surfaces
computed for equal intensity of the @ beam. Therefore,
observation of this effect will be rather difficult.

IV. PARAMETRIC BEAM

The polarization current at the frequency w-+Q for
a given K value can be singled out from Eq. (18),

eh w+Q
Jo(m,sz) =———
m Ey—I,

(p15P31+ps1Pis) . (25)

Substituting the expression for p;; given in Eq. (12) we
obtain

e wt+Q) it
Jo(,H_Q) = (dmdzapu X ; +C.C.) . (26)
7em E;—E, [iw—Qe1) +T ][0+ 2 —Qa1) + T4 | das | 2/ 12
The total polarization-current density may be found now by integrating over K space,
1
Jw_’_g = / dSK Jo(w+g) . (27)
4m® Jz

As is well known, the polarization-current density vanishes for crystals with inversion symmetry. This can be
seen in detail in the following way: We first add up the currents for K and —K [notice that P;(K)= —P;*(—K)]
and then integrate over half of the Brillouin zone. The result is found to be

e hwt+Q)

ie’i(w'HZ) t

1
Joro=—o / BK— 2 Im(dwdzaPls*)( T
4% Jupz  Im Ey—Ey [i(w—Qa0) + T Li(w+Q— Q1)+ T ]+ | das| 2/ 72

In crystals for which there is inversion, disdesPis* is
always real, thus J,.o vanishes.

The parametric current J, o produces a beam at this
frequency. However, since the photon energy 7#(w-)
is larger than the minimum gap, only the current within
the penetration depth of a beam at the frequency
(w+Q) will contribute to the beam emitted from the
crystal. Since the penetration depth is less than a
wavelength, the intensity of the beam is proportional

c.c.> . (28)

to the amplitude squared of J,iq and to the square of
the penetration depth. The direction in which the beam
is emitted is uniquely determined by the incident beams.
The direction is such that the projection of the wave
number Ko on the emitting surface is equal to the
sum of the components of K, and KgTon the emitting
surface.

The amplitude squared of the current density
J .10 has been evaluated for the general case in which the
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F16. 9. AJyc/Jus as a function of the deviation of #w from its
double-resonance value 7wpr computed under the following condi-
tions: T'=10"2 sec; 7wpr—7#210=30 meV; £3=0.5. (The cor-
responding intensity of the @ perturbation is approximately equal
to 5X10” W/cm?.) Horizontal coordinate: 1 unit=1600"1eV.
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Fic. 10. AJ,; as a function of (fw—7%wpr) for different values
of £33, computed under the following conditions: 53;/791= —1 and
T'=10""2 sec. Horizontal coordinate: 1 unit=1600"1 eV. Vertical
unit: arbitrary.
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B Fic. 11. AJ,. as a function of (w—7%wpr) for different values
of £53, computed under the following conditions: 7s1/n21=—1
and 7'=10"2 sec. Horizontal coordinate: 1 unit=1600"1 eV.
Vertical unit: same as in Fig. 10.
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values of £3 computed with 7=10"12 sec and #3/9a1=—2.
Horizontal coordinate: 1 unit=1600"1eV. Vertical unit: arbitrary.
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surfaces #Qs;—7#(w+Q2)=0 and #Qy—7%Aw=0 are not
spheres. In this case the integration in K space is
performed in just the same way that the current J,
was calculated. Certain insight into the results may be
gained if one considers the case where 7' — . Close to
the point of contact of the two surfaces, one can
approximate Qg and Q3; by the expressions (A3) and
(A4) in the Appendix. In performing the integral over
K space, we first integrate over K,. One easily observes
that the integral over K, vanishes if 5,; and »3 have
the same sign, whereas it does not always vanish if s
and 73 have opposite signs. Thus, a significant para-
metric beam is expected only in the case that 5., and 53
have opposite signs. This is just the case when one ex-
pects to observe changes in the polarization current J,,
caused by the Q perturbation.

The intensity of the parametric beam as a function
of w for several values of the intensity of the Q perturba-
tion is given in Fig. 12. It is seen that the intensity of
the beam has a peak when the two surfaces in K space
touch. The intensity of the beam is proportional to £»3
and thus to the intensity of the @ beam, as long as
£3<1. When &; becomes larger than unity, the in-
tensity of the parametric beam saturates at the peak.
At the peak, the intensity of the parametric beam is
about five orders of magnitude smaller than the in-
tensity of the w beam. This result was obtained when
the intensity of the @ beam was taken to be equal to
108 W/cm?. In order to obtain more definite results one
should take a particular band structure and known
values for the matrix elements.

V. APPLICATION OF DOUBLE RESONANCE TO
INVESTIGATION OF BAND STRUCTURE
IN SOLIDS

The strong dependence of double-resonance phe-
nomena on photon energy suggests that one could use
them in order to obtain information on the band
structure. In discussing the different possibilities, let
us consider two cases:

Case a. Double-resonance conditions take place in the
vicinity of the point in K space at which all the bands
have extrema.

The change in the polarization currents at the w
frequency AJ,, as a function of 7w, shows pronounced
structure centered around the point Zw= 7%s10. The
width of the peaks are of the order of a few meV. Thus,
measurement of AJ,, as a function of %w will allow one
to determine quite precisely the value of the energy
gap #%1. This information is actually of the same
kind that one obtains in ordinary differential measure-
ments, except that in this case the varying parameter is
the laser light. As can be seen, AJ, varies quite
drastically as one approaches the point at which
7Q= #300. Therefore, measurement of AJ, as a func-
tion of 7w for different values of #Q will allow one to
determine 7#Q32. In the computation presented in
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Sec. IV, we assumed that the matrix elements Py, and
P;; do not vanish. This condition is complementary in
many cases to the condition P;370, which is necessary
in order to obtain the information about band 3 by the
electroreflectance methods.

Certain remarks about the actual performance of the
measurements should be brought out here:

(1) Itis necessary to use a laser with frequency that
can be changed continuously over a wide range. Dye
lasers appear to be most appropriate.

(2) These experiments may be performed only on
materials for which #%Qss0 is smaller than the minimum
energy gap, and in addition the transition from 2 to 3 is
allowed.

Case b. Double resonance occurs at photon energies
hw, which correspond to a nonextremal gap between the
valence and a conduction band. In this case, one ob-
tains a well-defined structure in the spectra of AJ, and
of the parametric beam close to the point at which
the two surfaces (AQ=7#%Q3 and #w=#Qs;) touch or
coincide.

Measurement of AJ, as a function of #w or measure-
ment of the intensity of the parametric beam as a
function of 7w will yield two energies %w and #Q which
are equal to %8s and %Qs, corresponding to the same K
value in the Brillouin zone. We also know that the two
surfaces will, in general, touch at points which lie along
lines of high symmetry in K space. These lines can in
most cases be determined with only a rough knowledge
of the band structure. One can use this information in
two ways:

(1) Knowledge of the effective masses of the valence
and lower conduction band from other measurements
and knowledge of #Qs, as a function of #Q; from the
double-resonance measurement allows one to determine
the unknown effective mass of the upper conduction
band.

(2) Direct comparison of the experimental results
with theory can be done in the following way. One can
determine the value of K along the proper high-
symmetry line for which #Qs;,=#%Q and check at that
same K value how well the theoretical value of 7%
compares with the experimental value of %w. Use of
polarized light will provide information about the
symmetry properties of the bands along the lines of
high symmetry.

We would like to emphasize several points about the
double-resonance experiments discussed here.

(1) The effects are strong only when at the point of
contact of the two surfaces in K space #{s; increases
when 78, decreases or vice versa.

(2) It is necessary that #Q be smaller than the
minimum energy gap.

(3) In the case of a crystal which does not have
inversion symmetry, it will be easier to observe the
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parametric beam rather than the variation of the
reflection coefficient of the monochromatic beam.

In conclusion, two nonlinear optical effects were
considered under double-resonance conditions in a
solid. Measurement of these effects has been shown to
give information complementary to the information
obtained by other optical methods. In addition, it may
give new information about noncritical points in the
Brillouin zone which cannot be obtained by other
methods. Additional double-resonance effects may be
of interest, such as effects associated with excitons.
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APPENDIX: EVALUATION OF POLARIZATION
CURRENT IN GENERAL CASE

The evaluation of J is carried out for values of w and
Q which are close to the values for which the surfaces
Q1 —hw=0 and %#Q3—7%(w+Q)=0 touch. The total
change in the polarization current AJ is given by

1
AJz—[f/ AT K.
473

The main contribution to this integral comes from the
region around the points of contact of the two surfaces.
We therefore define the following coordinate system.
For a given value of @ the point at which the two
surfaces touch is taken as the origin. Then K, is the
coordinate perpendicular to the surfaces at the point
of contact and K is a vector in the plane tangent to the
two surfaces. Thus,

1
AJ=—‘*Z //deS/AJodKl.
478

The sum is over all points of contact. AJ, depends on K,
and on K, through w—%Q; and w+Q—Qs. Notice that
£,3 does not vary appreciably around a point of contact
but will vary from one point of contact to another. In

(A1)

(A2)
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the vicinity of a point of contact Q»; and Q3 may be
expanded in the following way:

921=921c+F21(Ks)+7721K1 ’ (AS)
Q31=9316+F‘31(K8)+n31K1’ (A4)

where #Q21. and #Q;1, are the energy gaps between
bands 2 and 1 and between bands 3 and 1, respectively,
at the point of contact. Thus, Q31,—1,=%. From this
we find the following relations:

(w“921)/7721= (w‘921c)/7721
_F21(Ks)/7721_K1 ,

(0 2—Qs1)/n31= (0 —210) /731
—Fal(Ks)/ﬂh—Kl- (Aé)

Since AJ, approaches zero far away from the point of
contact, the integration with respect to K. may be
carried out from — o to . As a result of this AJ;, the
integral of AJ, with respect to K. depends on w and
K, through the difference AQ,

, 1 1\ FuK) Fuk)
AQ =(w—9210) —_— —lr - .
M21 731 731 n21

(A5)

(A7)

Since 791 and 73 are constant, we define for reasons of
convenience another variable AQ:

AQ= AL /(gar t—na1Y). (A8)

F1(K,) and F3:(K;) are quadratic in K;. Thus, choosing
proper coordinates K; and K, one can express AQ in
the following way:

AQ= (0—Q10) £ (Kar?/S*+K2?/Se?).  (A9)

S1, Se, and the sign are determined by the band struc-
ture of the material. Using this relation the variables of
integration K,; and K, may be changed to the variable
AQ. We then obtain

40

AJ=+ Y 755, / AV dAQ.  (A10)

w—Q021¢

Notice that AJ,; as a function of AQ is to within a
constant factor equal to AJ.(w) as computed in the
case of spherical surfaces (assuming the dependency of
Qo1 and Q3; on K is linear). It is therefore seen that
AJ, in the general case is given to within a constant
factor by an integral with respect to w of AJ, as com-
puted in the spherical case.



